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Abstract
A function f deﬁned on the vertices of a graph G = (V ,E), f : V → {−1, 0, 1} is a total minus dominating function (TMDF)
if the sum of its values over any open neighborhood is at least one. The weight of a TMDF is the sum of its function values over
all vertices. The total minus domination number, denoted by −t (G), of G is the minimum weight of a TMDF on G. In this paper, a
sharp lower bound on −t of k-partite graphs is given.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
For notation and graph theory terminology we in general follow [4]. For a graph G = (V ,E) with vertex set V
and edge set E, the open neighborhood of v ∈ V is N(v) = {u ∈ V |uv ∈ E} and the closed neighborhood of v
is N [v] = {v} ∪ N(v). For a set S of vertices, we deﬁne the open neighborhood N(S) =⋃v∈S N(v), and the closed
neighborhood N [S] =N(S)∪ S. If T is another subset of V disjoint from S, we let e(S, T ) denote the number of edges
between S and T. G is a k-partite graph with vertex classes V1, V2, . . . , Vk if V (G)= V1 ∪ V2 ∪ · · · ∪ Vk , Vi ∩ Vj = ∅
whenever 1 i < jk and no edge joins two vertices in the same class.
For a real-valued function f : V → R the weight of f is w(f ) =∑v∈V f (v), and for S ⊆ V we deﬁne f (S) =∑
v∈S f (v). So w(f ) = f (V ). A minus dominating function of G is deﬁned in [1] as a function f : V → {−1, 0, 1}
such that f (N [v])1 for each v ∈ V . The minus domination number, denoted −(G), of G is the minimum weight of
a minus dominating function on G. Minus domination has been studied in [2,1,5,7–12] and elsewhere.
A total signed dominating function (TSDF) ofG is deﬁned in [6] as a functionf : V → {−1, 1} such thatf (N(v))1
for every v ∈ V . The total signed domination number, denoted st (G), of G is the minimum weight of a TSDF.
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A total minus dominating function (TMDF) of G is deﬁned in [3] as a function f : V → {−1, 0, 1} such that
f (N(v))1 for every v ∈ V . The total minus domination number, denoted −t (G), of G is the minimum weight of a
TMDF. Harris and Hattingh [3] showed that the decision problem for the total minus domination number of a graph
is NP-complete, even when restricted to bipartite graphs or chordal graphs. Linear algorithms for computing −t , st on
an arbitrary tree T are also presented.
In this note, we give a lower bound on the total minus domination number of k-partite graphs.
2. A lower bound on the total minus domination number of k-partite graphs
We ﬁrst give an inequality which will be used.















k − 1n − n.
Proof. For n= 2 the assertion is trivial, so suppose that n3. Let f be a TMDF of G satisfying f (V )= −t (G) and let
M = {v ∈ V |f (v) = −1},
P = {v ∈ V |f (v) = 1},
Q = {v ∈ V |f (v) = 0},
Mi = M ∩ Vi, Pi = P ∩ Vi, Qi = Q ∩ Vi ,

















For each v ∈ Pi , we have
|N(v) ∩ M| |N(v) ∩ P | − 1.
































































We deﬁne a function









Let f (x)0, then we have
x
√
2 + 2/(k − 1) +
√
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Using (5) and (6), we obtain
k
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and
k
















Using (7), we have








































2(k − 1) .
And (8) becomes
k







k(k − 1)n − k
2(k − 1) . (10)
Furthermore, the right-hand side of (9) becomes
3k




denoted by h(y), then h(y) is monotonously decreasing for yk/2(k − 1) as
dh
dy
= 1 − 2(k − 1)
k
y0.
Therefore, combining (9) and (10) we have
−t (G)h(y0) = 2
√
k
k − 1n − n,
where y0 denotes the right-hand side of (10).
That the bound is sharp, may be seen as follows. For integers r1, k2, let Hi (i = 1, 2, . . . , k) be the graph
obtained from the disjoint union of r stars K1,(k−1)r−1 with centers Vi = {xi,j | j = 1, 2, . . . , r}. Furthermore, let
Ui denote the set of vertices of degree 1 in Hi which are not central vertices of stars and write Xi = Vi ∪ Ui+1,
where i + 1(mod k). We let Gk be the k-partite graph obtained from disjoint union of H1, H2, . . . , Hk by joining
each center of Hi (i = 1, 2, . . . , k) with all centers of⋃kj=1,j =iHj . By construction, Gk,r is a k-partite graph of order
n = kr + kr[(k − 1)r − 1] = k(k − 1)r2 with vertex classes X1, X2, . . . , Xk and |Xi | = (k − 1)r2. Assigning to all
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Fig. 1. A bipartite graph Gk,r with k = 2, r = 3.
kr central vertices of the stars the value 1, and to all ether vertices the value −1, we produce a TMDF f of weight
w(f )= kr − kr(2k− 1)= 2kr − 2k2r = 2√k/(k − 1)n−n. Fig. 1 shows that an example of a bipartite graph of order
18 for which −t = −6. 
Corollary 3. If G is a bipartite graph of order n, then −t (G)2
√
2n − n and this bound is sharp.
From the deﬁnitions of total signed domination number and total minus domination number, it is easily seen that
st −t (G) for a graph G.
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